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RACT

We report results obtained by rigorous analysis of a nonlinear differ-
1l equation for the electron density n, in a specific type of electrical
1arge. The problem is essentially two-dimensional. We discuss in partic-
(i) the escape of electrons to infinity above a critical temperature;

(ii) the boundary layer exhibited by n_ near zero temperature.

VORDS & PHRASES: singularly perturbed nonlinear two-point boundary value
problem; nonlinear parabolic equation degenerate at the
origin in one space dimension; Coulomb gas; pre-break-

down discharge in an ionized gas between two electrodes

.8 report will be submitted for publication elsewhere.
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In a filamentary discharge studied by Marode et al. [ ns
ions are produced with number densities ne and ni, res he

ged particles move in a background of neutrals. The di is
ndrical and has its radial dimension much smaller than dinal
nsion. Since to a good approximation the physical situ in-
ally symmetric, it suffices to consider a two-dimensio ction
endicular to the cylinder axis, in which all quantitie re
tions only of the distance r to the axis. As the ions d

’ ni(r,t) = ni(r) may be regarded as fixed on the time terest
the density ne(r,t) Marode et al. [ 3] use the followin tions:

Coulomb's law

Ll

9
Sz-rﬁ(r,t) = 4ﬂe[ni(r) - ne(r,t)] (1)

e E is the electric field and -e the electron charge;

a constitutive equation for the current density j(r), of a
‘t term and a diffusion term,

on (r,t)
j(r,t) = eune(r,t)E(r,t) + eD —mm (2)
or
‘e Y1 is the electron mobility and D the diffusion const
.) the continuity equation
Bne(r,t)

e —m—— =
ot

Kilm

9 .
3T rj(r,t). (3)

1 E and j are radially directed.
From Egs. (1) - (3) a nonlinear partial differential T a

jle function can be derived. To this end we set [4]

Vx

u(x,t) = f on_(p,t)do, (4a)
0
Vx

g (x) = [ pni(p)do- (4b)

0




employing for the diffusion constant the Einstein relation D==kBTu/e
re kB is Boltzmann's constant and T the electron temperature), putting

2 . .
cBT/(2ﬂe ), and absorbing a factor 8mue in the time scale we deduce

u satisfies

u = exu  + (g—u)ux, (5)

u(o,t) = 0. (e)

:s definition g(0) = 0. Typically, as r increases, ni(r) rapidly falls
:0 zero, and hence g(x) attains a limit value g(«). The nonlinear term

1- (5) represents the interaction between the electrons. Without it,
equation would reduce to a linear one studied by McCauley [5] and
ribing the Brownian motion of a pair of opposite two-dimensional charges
ich other's field. As it stands, Eq. (5) is rather reminiscent of the

-near equations occurring in the Thomas-Fermi theory of the atom (see,

ref. [6]).

In the experimental situation that we are describing the total charge

le discharge area is positive and conserved in time. This is expressed

u(eo,t) = Ne for 0 £t < w (7)

0 < Ne < g(=). One of the authors has investigated [4,7,8],by rigorous
matical methods, the soluticn of Egs. (5) and (6) for a given initial
‘ibution u(x,0) = uo(x) and subject to condition (7) on the total charge.

we present the main results in physical language.

2 . . .
: take g concave and in C ([0,®)). Then at given € (i.e. at given tem-—

st(x)
" the total number of electrons Ne is such that Ne < g(®) - €. In partic-

irature) , there exists [4] a unique stationary solution u

ar, when € 2 g(«),- thermal motion prevents any electrons to be bound to
e fixed ionic background. The existence of such a critical temperature

i characteristic of two-dimensional Coulomb systems [9]. The main mathe-
tical tools in treating the stationary problem are maximum principle

‘guments and the construction of upper and lower solutions.




olution u_, s when it exists, has the following properties [4].

2
t belongs to C7([0,®)). It is strictly increasing, concave, and
ed from above by the function min(g(x),Ne). As X > ®, ust(x) approaches

imiting value Ne at least fast enough so that

1r
oy =lg(x,)-N ]
r 1
ne(r) < ne(r1)<§I) : © ’ r > o, (8)

rf = %, > 0 is arbitrary. Such power law decay is again typical of

mb systems in two dimensions.

As € ¥ O, ust(x) converges to min(g(x),Ne) uniformly on [0,«), and

ve for the zero temperature limit of the electron density

lim n (r) =

e¥0

n, (r) r <r
1
{ (9)

0 r >r

the critical radius 5 is defined by the relation g(ro) = Ne'

all € there is a transition layer of width ~ e%,located at ryr
gous to a Debye shielding length [3]. A uniformly valid approximate
onary solution for € « 1 is given in [4]. It is obtained by the

1 of matched asymptotic expansions.

1sider now the time evolution problem of Egs. (5) and (6).

se that the initial condition u, is sufficiently smooth, nondecreas-
vith bounded derivative, and with uO(O) = 0 and uO(W) = Ne'
natically one has to find a way to deal with the degeneracy of the
>lic equation (5) in the origin. In [7] this is done via a sequence

jularized problems. The following is shown.

1e time evolution problem has a unique solution u(x,t) such that u
¢ are bounded. In fact it satisfies 0 < u(x,t) < Ne’ it is non-

1sing in x for all t, and for each t = 0 we have u(e,t) = Ne.




In order to discuss the behavior of u(x,t) as t » » we consider the
:ion ast which satisfies the steady state equation and has boundary

1S ust(O) = 0 and

N, if N, < g(®) - ¢ (10a)
l_lst(°°) = { g(») - ¢ if 0 < g(w) - € < Ne (10Db)
0 otherwise (10c)

iow from section 1 that Gst exists and is unique. In particular, in
:ase of Eq. (10c¢), ust(x) = 0. Our result is that the solution u(x,t)
i@ evolution problem converges to ust(x) as t > », uniformly on all
ict subsets of [0,®); in the case of Eq. (10a) the convergence is
\1ly uniform on [0,®). The proofs are based upon the use of upper
ower solutions of the stationary problem and on a comparison the- -
Thus we have proved that all the electrons stay attached to the
for t £ » at temperatures such that &€ < g(«) - Ne (case (10a)). If
.emperature rises above this critical value, then some of the elec-
. diffuse away to infinity (case (10b)), and if it rises above a

d critical value, viz. € = g(«), then all electrons escape to in-

y (case (10c)).

For the case of Eg. (10a) (with the inequality strictly satisfied)
ve derived results about the rate of convergence of u to ast' Let
nitial state have the property that Ne— uo(x) < Ne(xl/x)v for some
> 0 satisfying € < (\)+1)_1 [g(xl)— N 1. Then u(x,t) converges to

-1/(2p)

) at least as fast as t with p = [1/v]+ 1, for all finite x.

armore, if v >%1 and € < Y[g(e) - Ne], then u converges to ﬁst at

as fast as t °.

ive regions in the background charge density. We have considered
teresting modification of the above problem obtained by also allowing
ive ions to be present in the fixed background [8].

leads to a function g which can assume minima and maxima. We studied
tationary state on a bounded domain [0,R] with boundary condition

Q) = Ne. For non-monotone g it is nontrivial to find the zero temper-

(e >~ 0) limit of uS (x) (and thus of ne(r)), since the solution of

t
:duced differential equation (i.e. the one obtained by setting € = 0)
longer unique. To solve this problem we observe that for € > 0 the

Lon ust(x;e) minimizes the free energy functional




R R
(g—u)2
Fe[u] =€ J uxﬂnuxdx + % J —~ ax, (11)
0 0

vhich is readily recognized as the sum of an entropy and an electrostatic

anerqgy term.

8] two alternative methods were used to study the minimization of F
€
based on the theory of maximal monotone operators and one on duality

>ry. Both yield

R
2
lim u  (x;e) = inf 1 J {gw) 4. (12)
ey0 S O<usN_,u'20 X

the limit solution of the differential equation is the physically
acted minimum energy configuration. The function ust(x;O) is continuous

] and can be characterized as follows: there exist intervals [al,bi],

,bz],...,[as,bsj, s =2 0, where ust(x;O) takes constant values
:2,...,cs, respectively, and where, therefore, ne(r) = 0. Outside those
arvals ust(x;O) = g(x). The constants ai, bi’ ci, i=1,2,...,8, can be

vn, finally, to be uniquely determined by the set of implicit inequalities

by

ci-g(a)
f ———dg =20 if c,# N (13a)

E 1 e
X
for all x ¢ [a.,b.], i=1,2,...,s.

X 1 1

ci—g(a)
[ ——— dg <0 if c #0 (13b)
a g

e

'erify this characterization of ust(x;O), one checks [8] that this func-

| satisfies a variational inequality related to the minimization problem

. In particular, if O < cy < Ne' we have the equal area construction
ci—g(g))g_lda = 0. The interpretation is that the points x = a; and

bi are at equal potential and separated by a potential barrier. Egs. (13)

serve as the basis for a numerical algorithm to compute ai, bi' ci.

The authors acknowledge with pleasure stimulating discussions with
jallimberti. They are indebted to Ph. Clément, O. Diekmann, L.A. Peletier
R. Témam who together with D.H. contributed to the mathematical

ilts.
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